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Abstract

The paper provides some linearisation methods presented in modified (Gran I method), extended (pH-static titration) and generalised
(Ni method) or corrected versions. Particularly, the modified Gran I method, based on the approximation ln(1 +x) ∼= x/(1 +x/2), enables (a)
significant error inherent in the original Gran I method of equivalence volumeVeq evaluation to be avoided, (b) greater portions of titrant to be
added and (c) the points more approached toVeq to be involved in calculation ofVeq, according to the linear model applied. Moreover, prior
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etermination of the real slope of the (pX,E) characteristics for X-selective indicator electrode (inherent in Gran II method) is thus av
he modified Gran I method is particularly useful in potentiometric titrations where electromotive force (E) is measured. The pH-static titrati
as been extended on some complexometric and precipitation titrations. Among others, two new methods of cyanide determination
omponent precipitation pH-static titration have been suggested. A new criterion, involved with accuracy of pH and volume measu
H-static titrations, is suggested. The data were obtained, according to simulating procedure based on iterative computer program
ll attainable data related to a system in question and widely accepted physicochemical data related to the systems considered. T
nalytical prescription performed according to titrimetric mode can be fully reproduced and none simplifying assumptions in calculat

or this purpose are required. The Ni method, confined primarily to mixtures of weak acids, has been extended to acid–base system
alts of different type; to apply a kind of ‘homogenisation’ in formulae related to such systems, the Simms’ constants were introdu
2004 Elsevier B.V. All rights reserved.
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. Introduction

More than a half of century passed after appearance of the
ran famous papers:[1,2], with formulae widely exploited

ater by chemists–analysts. Popularity of the formulae, pre-
ented there and elsewhere[3–5], resulted from their simplic-

ty, effectiveness and a relatively wide range of applications.
he principal idea of the Gran (I and II) methods is based
n the evaluation of equivalence volume (Veq) on the basis
f points{(Vj , Yj) j = 1,. . .,N} obtained from potentiometric
r pH metric titrations,Y=E or pH. Although the Gran II
ethod followed (chronologically) the Gran I method, the
ran I method can be derived from the formulae ascribed to

∗ Corresponding author. Tel.: +48 12 6282749; fax: +48 12 6282036.
E-mail address:michalot@chemia.pk.edu.pl (T. Michałowski).

Gran II method; this occurrence has been taken into acc
in the present paper (Section2.1and 2.2).

From our viewpoint, the replacement of a more sop
ticated formula by its ‘rough’ form (ascribed to Gran
method) done by Gran resulted from the fact that the
mula derived for Gran I method has been presented in
simplified form. This fact has lead to relatively high err
involved with Veq evaluation – particularly when the vo
umesVj from the nearest vicinity ofVeq were taken into
account in calculation ofVeq on the basis of the origin
Gran I method. Otherwise, it is necessary to apply r
tively small portions�Vj, j + 1 =Vj+1−Vj of titrant such tha
xj

′ = (Vj + 1 − Vj)/|Veq− Vj |�1. However, the relative err
�V/�Vj, j + 1 in volume increment assumed in the titration
the resulting relative error�Y/�Yj, j + 1 in theY-measureme
becomes greater for small�Vj, j+1 and�Yj, j + 1 values when

039-9140/$ – see front matter © 2004 Elsevier B.V. All rights reserved.
oi:10.1016/j.talanta.2004.08.053
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Nomenclature

AD adjusting solution
AT auxiliary titrant
D titrand
E electromotive force
φ fraction titrated
PT primary titrant
S/u real value for Nernstian slope (Eq.(5)); Nern-

stian value forS is RT/F·ln10
V volume of titrant added
Ve end volume
Veq equivalence volume
Vj

m (V j+Vj + 1)/2 (Eq.(25))
V0 volume of D (in Section 3.1 and inFig. 5)
VD volume of D (otherwise)

this remedy is applied;�V and�Ydenote the smallest differ-
ence in readout of variablesV andY.

The Veq location made, according to Gran I method re-
alises the principle of standard addition method. This extrap-
olative method provides more accurate results if maximalVj

value taken for calculation ofVeq corresponds to relatively
high xj ’ value. This requirement is fulfilled by the modified
Gran I method that enables greater�Vj,j + 1 values for volume
increments to be applied. The great advantage of the modi-
fied Gran I method (when compared with Gran II method)
is also the possibility to obtainVeq value without prior de-
termination of the real slope ofE versus pX characteristics
for X-selective electrode chosen as the indicator electrode.
However, the shortcomings of the Gran I method (in its pri-
mary version) decided that just the Gran II method is usually
applied in practice. The difficulties arising from the slope (S)
determination are frequently overcome by setting the theoret-
ical value resulting from the Nernst formula,S=RT/Fln10;
this approach is not correct, however. In this context, the mod-
ified Gran I method is the new proposal for wider application.

Another kind of linearisation provides the pH-static titra-
tion. This indicative method, reactivated lately, has been pre-
viously elaborated for titration of zinc with EDTA and NaOH,
considered as primary (PT) and auxiliary (AT) titrants. We
have extended the pH-static titration on more complex sys-
t tions
o m-
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*
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The paper is supplemented by other linearisation methods
known in literature. Some of them are generalised, derived
in simpler manner or simply corrected.

2. The Gran methods

2.1. Formulation of the Gran II method

The principle of Gran II method[2] can be explained first
on the basis of titration ofV0 ml of C0 mol l−1 HCl with V
ml of C mol l−1 NaOH. In this case, from charge and con-
centration balances and the relationC0·V0 = C·Veqwe get the
formula:

(V0 + V ) · ([H] − [OH]) = C · (Veq − V ) (1)

Then for [H] » [OH] (‘acidic branch’) i.e. forV < Veq we
have

Ga = (V0 + V ) · 10−pH = a · (Veq − V ) (a = C · fH) (2)

and for [H] « [OH] (‘basic branch’), i.e. forV > Veq

Gb = (V0 + V ) · 10pH = b · (V − Veq)

(
b = C

(Kw · fH)

)

(3)
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ems, where complexation, redox and precipitation reac
ccur. The possibility of determination of two or three co
onents from a single pH-static titration curve has been
tated. In this part, the paper provides:

two new methods of cyanide determination;
a simulated precipitation titration where three anions
determined and,
a valuable criterion joining an effect of buffer capac
�V and�Y with an error in titrants (PT and AT) volum
increments to be evaluated.
This way it is assumed that pH is the function of activ
not concentration) of hydrogen ions. The expressions o
ight side of Eqs.(2) and (3) are linear; it means that th
xpressions forGa andGb are linear too. The formulae (
nd (3) are the basis for the Gran II method, originated
n earlier S̈orensen’s[6] idea.

The formulae related to differentV ranges (V< Veq or V
Veq) provide an option between the points (Vj , pHj) on the

itration curve chosen for evaluation ofVeq. However, only
he optionV < Veq is advisable. It results from the limited p
ange where glass indicator electrode appears (favou
rom analytical viewpoint) linearE versus pH relationship

= E∗
0H − S · pH (4)

TheSchanges,S=S(pH), observed at higher pH valu
re affected mainly by acid–base properties of≡Si O H
urface groups and interfering action of different cations
ct as complexing species. Similar remarks refer, genera
indicator electrodes. For this reason, further discussion
e confined to theV-interval whereV < Veq (back titrations
ill not be considered).
Within defined pX range, the voltageE in the system with

he indicator electrode is expressed by linear relationsh

= E∗
0X ±

(
S

u

)
.pX (5)

“+” for anions, “−” for cations) whereE∗
0X value is assu

ed constant in a measuring cell considered, pX =−log x,
= fx·[X] is the activity of X-ions, u= 1,2,. . . For



T. Michałowski et al. / Talanta 65 (2005) 1241–1253 1243

X = H+(u= 1) one gets the Eq.(4). From (2) and (4)
we have pH= (E∗

0H − E)/S and then

G∗
a = (V0 + V ) · 10E/S

= a∗ · (Veq − V ) (a∗ = C · fH · 10E
∗
0H/S) (6)

Although any of the termsa anda* have a defined sig-
nificance (Eqs.(2) and(6)), they can be chosen arbitrarily
(asterisked terms refer toE-values registered);a anda* val-
ues affect the ordinate scale and a due scaling is sometimes
done in graphical procedure ofVeq location[7,8]. The values
for a anda* are constant if the assumptions of temperature
and ionic strength (I) constancy are valid.

Referring now to the system where the precipitateAgX
characterised by solubility productKsoX = [Ag][X] is formed
during titration ofV0 ml of C0 mol l−1 NaX (X = Cl, Br, I)
with Vml of Cmol l−1 AgNO3, we get the approximate equa-
tion [8,9]

C(Veq − V ) = (V0 + V ) · ([X] − [Ag]) (7)

The approximations resulted from omission of complexes
AgX i

+1−i and Ag(OH)j+1−j (i,j = 1,2,...)[10], seeFig. 1. At
[X] » [Ag], from (7) we get the relation

(V0 + V ) · 10−pX = aX · (Veq − V ) (8)
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Fig. 2. Plots of log[Xi ] vs.Φ relationships for different species Xi (i = 1,. . .,
7) at (a)C0 = 10−4 mol l−1, C= 10−3 mol l−1 and (b)C0 = 10−4 mol l−1,
C = 10−4 mol l−1; 1 – AgCl (precipitate); 2 – Ag+; 3 – Cl−; 4 – AgCl (soluble
complex); 5 – H+; 6 – AgOH; 7 – AgCl2−.

2, 3, 4; logKi = 3.04, 5.24, 5.04 and 6.14) and Ag(OH)i
+1−i

(i = 1, 2, 3; logKi
OH = 2.3, 3.6 and 4.8) and the precipi-

tate AgCl (pKso= 9.75), seeFig. 2 (plots for Ag(OH)2−,
Ag(OH)32−, AgCl32− and AgCl43− are beyond the frame
of the figure).

The Gran methods can also be applied to com-
plexo(no)metric titrations. Let us assume [M] »

∑
j

[M(OH) j ] (it is the case frequently valid at lower pH).
Then writing the concentration balances (in terms of nota-
tion applied for conditional stability constants purposes);
[M] + [ML*] = C0·V0/(V0 +V), [L*] + [ML*] = C·V/(V0 +V)
and settingC0·V0 =C·Veq, E=E0*−(S/u)·pM, for V < Veq
and [M] » [L*], we get the relation

(V0 + V ) · 10u·E/S = a∗
M · (Veq − V ) (10)

applicable for measurements made with use of M-selective
indicator electrode.

The formulae (2), (6), (9) and (10) were applied to evaluate
Veq according to Gran II method. It should be noticed that in
all instances whereE has been recorded, the knowledge of
the trueSvalue is required.

The equation for titration curve, related toV0 ml
C0 mol l−1 HL titrated withC mol l−1 NaOH (termed as the
Hofstee equation[11]), was transformed into the form[12]

V

hereaX =C·fX, pX =−log(x), x= fX ·[X] is the activity of
−1 ions. The pX values can be recorded with a due
elective X-indicator electrode. Setting E =E0X* + S·pX (at
= 1), we have the formula

(V0 + V ) · 10−E/S

= a∗ · (Veq − V ) (a∗ = C · fX .10E
∗
0X/S) (9)

pplicable whenE is recorded.
The validity of approximations done in the simplified f

ula (7) for X = Cl can be checked out on the basis of e
ibrium analysis made with use of concentration, charge
lectron balances and equilibrium constants. For the sy
hereV0 ml of C0 mol l−1 NaCl is titrated withV ml of C
ol l−1 AgNO3 one can formulate the charge and concen

ion balances involving all soluble species AgCli
+1−i (i = 1,

ig. 1. Plots of �W/W vs. Φ relationships;W= |C(Veq−V)/(V0 +V)|,
W= |y − [Ag] | for V < Veq or �W= |y+ [Cl]| for V > Veq,
here y=

∑
i = 2

4 (i−1)[AgCl i ]−
∑

j = 2
3 [Ag(OH)j ]; C0 = 10−4 mol l−1,

= 10−4 mol l−1 (curves 1,1′); C0 = 10−4 mol l−1, C= 10−3 mol l−1 (curves
,2′); C0 = 10−3 mol l−1, C= 10−3 mol l−1 (curves 3,3′); C0 = 10−3 mol l−1,
= 10−2 mol l−1 (curves 4,4′).
eq − V = V [H]

k1
+ (V0 + V )

(
[H]

k1
+ 1

)
[H] −KW/[H]

C
(11)
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Fig. 3. The�D/D[%] vs.Φ relationships plotted for different pk1 =−logk1

values atV0 = 100 mlC0 = 0.01 mol l−1 HL, C= 0.1 mol l−1 NaOH. Number
at the corresponding curve indicates pk1 value.

Let us denote Veq−V=D, �D = (V0 +V)([H]/k1+1)
([H]−Kw/[H])/C. On the basis ofFig. 3 one can define pk1
for an acid HL andV-range for NaOH where the simplified
relation

Veq − V = V [H]

k1
(12)

is valid within defined tolerance limits; (�D)/D« 1 for mod-
erately weak acids, 5 < pk1 < 9 (see also[13,14]). Then Eq.
(12)can be presented in the form

V · 10−pH = a · (Veq − V ) (a = fH · k1) (13)

adaptable for Gran II method; the titration should be made
at constant ionic strength. Note that, for moderately weak
acids HL, pH = pk1 occurs atΦ ∼= 0.5. As results from
Fig. 3, the application of the Gran II method requires a rejec-
tion of some points (Vj , pHj) obtained from measurements
[15].

2.2. Original and modified Gran I method

From Eq.(2) we obtain:

ln 10 · pH = ln(V0 + V ) − ln(Veq − V ) − ln a (14)

p

l

a

l

a

Setting the identities:V0 +Vj+1 =V0 +Vj +Vj+1 − Vj and
Veq − Vj+1 =Veq− Vj − (Vj+1 − Vj) in (15), we get:

ln 10 · (pHj+1 − pHj) = ln(1 + xj) − ln(1 − x′
j) (16)

where

xj = Vj+1 − Vj

V0 + Vj
and x′

j = Vj+1 − Vj

Veq − Vj
(17)

Further transformation of (16) needs some simplifying as-
sumptions. In the original papers, referred to Gran I method,
the approximation

ln(1 + x) ∼= x (18)

of the series expansion

f∞(x) = ln(1 + x) =
∞∑
j=0

(−1)j · x
j+1

j + 1
(19)

has been factually introduced. The approximation (18) is
valid for |x|« 1, whereas the modification in the Gran I
method, based on the more accurate approximation[16],

ln(1 + x) ∼= x

(1 + x/2)
(20)
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For any sequence of two points: (Vj , pHj) and (Vj + 1,
Hj + 1), obtained from pH metric titration, we have

n 10 · pHj = ln(V0 + Vj) − ln(Veq − Vj) − ln a

nd

n 10 · pHj+1 = ln(V0 + Vj+1) − ln(Veq − Vj+1) − ln a

nd then

ln 10 · (pHj+1 − pHj)

= ln

(
V0 + Vj+1

V0 + Vj

)
− ln

(
Veq − Vj+1

Veq − Vj

)
(15)
oes not need such a stringent requirement. Note that th
ula (20) can be primarily obtained from the approxima

nvolving two first terms in the resolution (19), i.e. ln(1 +x)
x−x2/2 =x·(1− x/2) =x·(1− x2/4)/(1 +x/2) ∼= x/(1 +x/2)

alid at |x|« 1. FromTable 1we see that, atx ≤ 0.4, the
ifference between ln(1 +x) andx/(1 +x/2) is less than 1%
hereas the difference between ln(1 +x) andx (related to
riginal version of Gran I method) is ca. 19%; atx= 1, the
ifferences are ca. 4 and 44%, respectively. This mean

he assumption|x|« 1 is greatly weakened in the case of
odified approach and testifies very well about the va

ty (robustness) of the approximation (20). A compariso
q. (20) (−δ2 = 3.82 atx= 1, Table 1) with the approxima

ive sumfn(1) = ∑n−1
j=0(−1)j/(j + 1) related to Eq.(19)and

alculated forx= 1 (ln2 = 0.69315) leads to conclusion t
pproximation (20) is better than the expansion of ln(1x)

nto Maclaurin’s series involving 18 first terms (!), as in
ated inTable 2 [17]. Setting (17) and (18) in Eq.(16) we
ave, by turns,

pHj+1 − pHj) · ln 10 ∼= xj + x′
j

j
∼= α · (Veq − Vj) + εj (21)

here

j = (V0 + Vj)
−1 · Vj+1 − Vj

pHj+1 − pHj

α = ln 10

V0 + Veq
(22)

ndεj refers to the random errors. Setting (17) and (20
q.(16)we have, by turns
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Table 1
Errors [%] involved with approximations (18) and (20);δk(x) = fk(x)/ln(1 +x) − 1; f1(x) = x, f2(x) = x/(1 +x/2)

x 0.05 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

δ1 (%) 2.5 4.9 9.7 14.3 18.9 23.3 27.6 31.9 36.1 40.2 44.2
−δ2 (%) 0.02 0.07 0.27 0.57 0.93 1.34 1.80 2.28 2.78 3.30 3.82

Table 2
Values forδ= fn(1)/ln2−1 (%) found for different number of terms involved in extensions for ln(1 +x) in series atx= 1; fn(1) =�j = 0

n−1(−1) j /(j + 1)

n 1 2 . . . 9 10 . . . 18 19 . . .

fn(1) 1 0.5 . . . 0.7456 0.6456 . . . 0.6661 0.7188 . . .

δn (%) 44.2 −27.9 . . . 7.6 −6.9 . . . −3.9 3.7 . . .

ln 10 · (pHj+1 − pHj)

= (Vj+1 − Vj)/(V0 + Vj)

1 + 1/2 · (Vj+1 − Vj)/(V0 + Vj)

+ (Vj+1 − Vj)/(Veq − Vj)

1 − 1/2 · (Vj+1 − Vj)/(Veq − Vj)
(23)

ln 10 · pHj+1 − pHj

Vj+1 − Vj
= 1

V0 + Vm
j

+ 1

Veq − Vm
j

(24)

where

Vm
j = Vj + Vj+1

2
(25)

(m – for modified). After further transformations of (24) we
get finally

Yj = α · (Veq + Vm
j ) + εj

(
α = ln 10

V0 + Veq

)
(26)

where

Yj = (V0 + Vm
j )−1 · Vj+1 − Vj

pHj+1 − pHj

(27)

Applying similar procedure to Eq.(13)we get, by turns,

l

(

V

(

(pHj+1 − pHj) · ln 10 = (Vj+1 − Vj)/Vj
1 + 1/2 · (Vj+1 − Vj)/Vj

+ (Vj+1 − Vj)/(Veq − Vj)

1 − 1/2 · (Vj+1 − Vj)/(Veq − Vj)

and finally

(Vm
j )−1 · Vj+1 − Vj

pHj+1 − pHj

= α · (Veq − Vm
j )

(
α = ln 10

Veq

)
(29)

whereVm
j is expressed by Eq.(25). Taking two successive

points (Vj , Ej) and (Vj + 1, Ej + 1), from Eqs.(10) and(20) we
get the relation

Yj = (V0 + Vm
j )−1 · Vj+1 − Vj

Ej+1 − Ej

= −α∗ · (Veq − Vm
j ) + εj

(
α∗ = ln 10 · u/S

V0 + Veq

)

(30)

Eqs.(29) and(30) and the related formulae derived from
t -
i and
s

ε

d then
V

2
m

sion
e

Y

w ts
( d
n 10 · pH = lnV − ln(Veq − V ) − ln a

pHj · ln 10 = lnVj − ln(Veq − Vj) − ln a

and pHj+1. ln 10 = lnVj+1 − ln(Veq − Vj+1) − ln a

pHj+1 − pHj) · ln 10 = ln

(
Vj+1

Vj

)
− ln

(
Veq − Vj+1

Veq − Vj

)
(28)

Then settingVj + 1 =Vj +Vj + 1 − Vj andVeq− Vj+1 =Veq−
j − (Vj + 1 − Vj), from (28) we have:

pHj+1 − pHj) · ln 10 = ln

(
1 + Vj+1 − Vj

Vj

)

− ln

(
1 − Vj+1 − Vj

Veq − Vj

)

he other ones (Eqs.(6), (9)and(10)) with use of the approx
mation (20) applied are not ‘loaded’ by coarse errors
implifications met in the original paper[18].

Eq.(30)can be rewritten into the formYj = a− b · Vm
j +

j, wherea=−�*Veq, b =−�*. The parametersa andb are
etermined according to the least squares method and
eq=a/b is calculated.

.3. Calculations of Veq according to least squares
ethod

Eq. (26) can be rewritten into the form of linear regres
quation

j = β − α · Vm
j + εj (j = 1, . . . , N) (31)

here:β =α·Veq, N is the number of experimental poin
Vj , pHj). The parametersα andβ in (31) can be obtaine
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according to the least squares method, i.e. the sum of squares

SS =
N∑
j=1

(Yj − β + α · Vm
j )2 (32)

is minimised; thenVeq=β/α. Moreover, greater portions of
titrant can be applied (a relative error in evaluation of succes-
sive portions is thus diminished) in the procedure of evalua-
tion of theVeq value.

Similar approach to the subject in question has been ap-
plied for determination of molar concentrationsC02 andC03
of Fe(II) and Fe(III), respectively, inV0 ml of the sample
titrated with C mol l−1 KMnO4 were determined (specia-
tion) from a single potentiometric titration, using the formu-
lae[19]:

C02 = 2.5 · C
V0

·



[(
Q

R

)2

+ 4 · P
R

]1/2

+ Q

R




and

C03 = 2.5 · C
V0

·



[(
Q

R

)2

+ 4 · P
R

]1/2

− Q

R


 (33)

to
l n (see
E

2

sum-
m n I
m this
c will
b

icular
c let us
r -
s the
d d
t in-
e as
t
V
o s for
V the
o re-
l ents,
e tion
( per
[ etter

Fig. 4. Graphical depiction of differences between (a) original and (b) mod-
ified Gran I method.

results for Veq, not loaded by a great systematic error. The
error|δ2| related toxj ’ = 1, i.e.Veq−Vj ’ = Vj + 1−Vj , is smaller
than|δ2| calculated atxj

′ = 0.1 on the basis of the simplified
formula (18), seeTable 1.

The principal idea of the Gran I method (not its realisation)
offers some advantages over Gran II method, especially when
E (Eq. (5)) is registered. The Gran II method requires exact
S value to be determined for an indicator electrode used in
potentiometric titrations, see Eqs.(6), (9)and(10). The realS
value differs, as a rule, from the (RT/F)·ln10 value calculated
from the Nernst equation, as has been clearly indicated e.g.
in ref. [9]. Such a necessity does not take place when the
Gran I method, particularly in its modified form (Eq.(30)),
is applied.

Another approaches to the Gran I method were also
done. For example, the (pHj + 1−pHj)/(Vj + 1−Vj) versus
Vm* = (Vj +Vj+1)/2 relationship proposed in another Gran pa-
per [5] is inappropriate in context with Eqs.(26), (29)and
(30). This inapplicability is evident in the light of prelimi-
naries done in the introductory part of this paper[5], where
the correction for volume change during the titration is in-
dispensable. In this respect, the problem is somewhat similar
to one considered in the papers[9,16], where the regression
equation

( )3 3∑

d n this
c
r la

E

also
d em,
a

to
p rs to
b ina-
t with
The values forQ/RandP/Rare determined according
east squares method applied to the regression equatio
q. (25))

Vj+1 − Vj

Ej+1 − Ej

= P +Q · Vm
j − R · (Vm

j )2 + εj (34)

.4. General remarks on the Gran methods

On the basis of the formulae derived above, one can
arise serious limitations inherent in the original Gra
ethod and some drawbacks of the Gran II method. In

ontext, the advantages of the modified Gran I method
e emphasised.

The Gran methods should be considered as a part
ase of the standard addition method. In this respect,
emember that the inequalities:|xj |«1 and|xj

′|«1 were neces
arily required in the original Gran I method applied for
ataset (Vj , pHj) or (Vj , Ej) taken for calculations; it justifie
he approximation (18) applied in there. In practice, the
quality|xj |«1 is always fulfilled in sufficient degree where

he inequality|xj
′|«1 is valid if the volumesVj too close to

eq are omitted in calculation of theVeq value, seeFig. 4;
therwise, the original Gran I method gives biased result
eq. Probably, for this reason, the Gran II method (not
riginal Gran I method) has been usually applied in the

ated papers; some of them concern alkalinity measurem
.g.[20,21]. It should also be noticed that the approxima
18) has not been specified explicitly in the original pa
1] and elsewhere. The approximation (20) offers far b
1 + V

V0
· E =

i=0

Ai · V i

erived from the related balances, has been applied. I
ontext, small volume incrementsVj + 1−Vj of titrant were
equired, e.g. in the Yan method[14,22], based on the formu

=
3∑
i=0

A′
i · V i

Prone to error approach in the subject in question was
one in ref.[18], where the changes in volume of the syst
ffected by the titrant addition, were neglected.

The difficulties arising when Gran II method is applied
otentiometric titrations caused that this method appea
e useful mainly in pH metric titrations, where determ

ion of Svalue is not needed. Particularly, the systems
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a weak monoprotic acid HL involved have been considered
in numerous papers, quoted extensively in[5,14,16,23]. For
example, the system obtained by titration ofV0 ml of (stan-
dardised,C0 mol l−1) HL with V ml of C mol l−1 solution of
the same acid (HL, sample tested) is described by equation

y =
(

[H] − Kw

[H]

)
(V0 + V )

(
[H]

k1
+ 1

)
= C0 · V0 + C · V (35)

The auxiliary variabley is the linear function ofV, with
C as the slope in co-ordinates (V,y) [24,25]. A particular
case,y=C·V (C0 = 0 in Eq.(35)), refers to addition ofV ml
of C mol l−1 HL (sample tested) into pure water or an inert
electrolyte (e.g. KCl). The exact value fork1 (andKw, if the
inequality [H] » [OH] is not fulfilled) must be known before-
hand and concentrations of hydrogen ions (not activities de-
termined from pH measurements) should be considered[26].
Different rearrangements of the equationy=C·V, considered
together with Eq.(35), enable to determinek1 andC from a
more generalised straight line,Y=a+b·X [25], although the
difficulties arising from the discrepancy between activity and
concentration of hydrogen ions are still actual.

Some algorithms applied forVeq evaluation, involved in
the so-named Hofstee, EKVOLL and QUOTEX methods
(

V

d e
d (ex-
t

ne in
t es
B
m a
s t one
a

C

w

[

I at
t
K

and denotingψi =KBi /(KBi + [OH]), after rearranging the
terms we get, by turns,

ψ1 · Veq1+
k∑
i=2

ψi · (Veq,i− Veq,i−1)

= ([OH] − [H])(V0 + V )

C
+ V

F1 = Veq1 ·KB1 − V ·KB1

= ([OH] − [H]) · (V0 + V ) · (KBi + [OH])

C
+ V · [OH]

−
k∑
i=2

ψi · (Veq,i− Veq,i−1) · (KBi + [OH]) (39)

j=1∑
i=1

ψi · (Veq,i− Veq,i−1) + ψj · (Veq,j− Veq,j−1)

+
k∑

i=j+1

ψi · (Veq,i− Veq,i−1)

(V0 + V )

F

w se
B ssed
b
A one
i ids
a more
c imms
c -
p s
H
d
t s
c

n

cited in[5]), were based on the formula[27]

eq = Vj + Vj − Vi

aij − 1
(36)

erived from Eq.(11), see[14]. In order to overcome th
ifficulties indicated above, some empirical corrections

ension in series) were done[5].
Another approach to the Gran II method has been do

he papers[28] whereV0 ml of the titrand containing k bas
(i) (Ci mol l−1, i=1,. . .,k) is titrated withV ml of a strong
onoprotic acid HA (Cmol l−1). Arranging the bases in

equence starting from the strongest up to the weakes
nd denoting

i · V0 = C · (Veqi − Veqi−1) for i∈ < 1, k >, Veq0 ≡ 0

(37)

e have the balances:

[HB(i)] + [B(i)] = C.
Veqi− Veq,i−1

V0 + V
,

[HB(1)] + [B(1)] = C · Veq1

V0 + V
(38)

A] = C · V
V0 + V

,

k∑
i=1

[HB(i)] = [OH] − [H] + [A]

n Eq. (38), Veqi is the total volume of the titrant added
he equivalence point related to theith base, B(i) . Setting
Bi = [HB(i) ][OH]·[B (i) ]−1 for B(i) + H2O = HB(i)

+ + OH−
= ([OH] − [H])
C

+ V

j = KBj · Veqj −KBj · V = ([OH] − [H])(V0 + V )

× (KBj + [OH])

C
+ V [OH] +KBj · Veq,j−1

−

j−1∑
i=1

ψi · (Veq,i− Veq,i−1)

+
k∑

i=j+1

ψi · (Veq,i− Veq,i−1)


 · (KBj + [OH]) (40)

hereψ1 andVeq1 (index i = 1) refer to the strongest ba
(1). This approach to the problem in question, expre
y Eqs.(39) and(40), has followed earlier papers[29,30].
mong others, a voluminous (complicated) approach d

n the paper[29], related, among others, to polyprotic ac
nd its salts, can be easily simplified and generalised on
omplex acid–base systems provided that the idea of S
onstants, considered e.g. in ref.[31], is applied. For exam
le, in the system where a base L−n form protonated specie
L+1−n, ..., HqL+q−n (e.g.n= 4 andq= 6 for EDTA) one can
efine the function ¯n = ∑q

j=1i · [HiL]/
∑q

i=0[HiL] and write
he useful expressions[16] for n̄ or q−n̄ in terms of Simm
onstantsγ j or gj , namely:

¯ =
∑q

i=1

(
[OH]

γi
+ 1

)−1



1248 T. Michałowski et al. / Talanta 65 (2005) 1241–1253

q − n̄ =
∑q

i=1

(
[H]

gi
+ 1

)−1

wheregi =Kw/γ i .

2.5. Verification of titrimetric data

It is expected that the values obtained forVeq need some
verification. As the verification criterion, some analytical or
physicochemical data were already applied. For example, the
solubility product (Kso) for AgCl andE0* values were evalu-
ated from results of potentiometric titration of Cl− ions with
AgNO3 solution[12]. In other instances, the concentration
of complexing agent, considered as an internal standard, has
been applied as a criterion of reliability of results obtained
for stability constants of complexes. A special case of cor-
relation analysis has been applied for this purpose that en-
ables unbiased a priori values for equilibrium constants to
be obtained on the basis of biased results found in separate
titrations[32–35].

The Gran methods are among linearisation methods best
known in literature devoted to location of equivalence volume
(Veq) in titrimetric methods of analysis. These methods are
less affected by kinetic phenomena occurred at electrodes and
in the bulk solution than those based on the inflection point
l
t ts
a
m

3

other,
m ple,
t cca
[ ex-
t d in
m rous
a low.
A will
b

d ap-
p
a class
o

3

3
n is

b

•
•

• alternate addition of small portions�VPj ml of the primary
titrant (PT) followed, repeatedly, by titration�VA ml of
auxiliary titrant (AT).

VX ml of a sample containingC*X mol l−1 X is treated
with VB ml of C*B mol l−1 solution of a buffering species
(B) (and other species, if necessary) and filled up to the
mark (VF ml) with distilled water. ThenVD ml of the
titrand D containing X and B, with molar concentrations
CX =CX*·VX/VF andCB =CB*·VB/VF, is treated with�VAD
ml of AD solution that adjusts its pH to a pre-assumed pH0
value. The volumeVD+�VAD ml of D + AD solution, with
pH = pH0 value, is treated first with a portion�VP1 ml of CP
mol l−1 PT and the pH0 value is restored by titration with
�VA1 ml of CA mol l−1 AT; this procedure is repeatedN−1
times. A flow diagram for pH-static titration of cyanide (see
Section3.1.2.1), considered as an example, is depicted in
Fig. 5. The summary volumes of PT and AT added atjth

Fig. 5. Flow diagram for pH-static titration, related to the (modi-
fied) Liebig–Deniges method (Section3.1.2.1);CKCN =CKCN*·VKCN/VF,
CDEA =CDEA*·VDEA/VF, CKI =CKI *·VKI /VF concentrations of KCN, DEA
and KI in D; NaOH or H2SO4 used as AD; AgNO3 as PT, NaOH as AT. For
further details see text.
ocation, characterised by lowest standard deviation[13] and
he greatest informative content[36,37]. The reliable resul
re obtained if the titrations are carried out inquasistatic
anner; otherwise, biased results are obtained.

. Other linearisation methods

Similar advantageous properties can be ascribed to
ore contemporary linearisation methods. For exam

he pH-static titration method, reactivated lately by Ma
38,39] for simplest complexometric titrations, can be
ended on other areas of titrimetric analyses performe
ore complex systems. Some examples of a more rigo
pproach to the problem in question will be presented be
mong others, an example of multicomponent analysis
e considered.

Further part of the paper provides a more generalise
roach to the method elaborated recently by Ni[40,41]. The
pproach refers to more complex systems with extended
f acids and salts involved.

.1. pH-static titration

.1.1. Principle of the method
The analytical procedure known as pH-static titratio

ased on several steps involving:

preparation ofVD ml of titrand (D);
pH adjusting of D to a pre-assumed pH0 value by addition
of an adjusting (AD) solution (acid or base);
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point ((VPj, VAj )|j = 1,. . .,N) are:

VPj =
j∑
i=1

�VPi and VAj =
j∑
i=1

�VAi

The points are arranged along a broken line (curve) plotted
on a plane with co-ordinates (VP, VA). In mono-component
analyses, the curve consists of (or contains) two rectilinear
parts intersecting at the point whose abscissa corresponds to
the equivalence (eq) volume,VP ∼= Veq. The shape of the
pH-static titration curves thus obtained resemble the ones
obtained in corrected (dilution effect) spectrophotometric,
conductometric, thermometric (enthalpimetric), radiometric
titrations and in titrations made according to surface acoustic
wave (SAW) method[42]. All the titrations provide a kind
of indicative method ofVeq location[43], in contradistinc-
tion to the Gran (I and II) extrapolative methods. As a rule,
in the pH-static titration it is assumed that�VPi =�VP1, i.e.
VPj = j·�VP1 for j = 1,. . .,N and, moreover,Veq ≈ VPN/2, i.e.
Veq is not far from the valueN/2·�VP1.

The pH-static titrations are adaptable to the systems where
protons are evolved or consumed as a result of PT addition
into the system considered. For example, protons are evolved
in reactions:

Ag+ + 2HCN = Ag(CN)−2 + 2H+ (41)

P

r
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Table 3
pH0 and the relatedφ =φe values corresponding to the points where the
solubility product (Kso*) for AgI is crossed in conventional (column A) and
pH-static (column B) titrations

pH0 φe

A B

7.5 0.1641 0.4473
8.0 0.4212 0.4820
8.5 0.4903 0.4936
9.0 0.4968 0.4973
9.5 0.4983 0.4985
10.0 0.4988 0.4988
10.5 0.4989 0.4990

In (A), 50 ml of the solution containing KCN (0.002 mol l−1) + DEA
(0.02 mol l−1) + KI (0.002 mol l−1) was adjusted with H2SO4 (0.1 mol l−1)
to the pre-assumed pH0 value and then titrated with 0.01 mol l−1 AgNO3.
In (B), the solution with the adjusted pH0 value has been titrated with
0.01 mol l−1 AgNO3 (as PT) and 0.01 mol l−1 NaOH (as AT) added se-
quentially and alternately.

be avoided (b.p. 115–120
◦
C for DEA). H2SO4 moderates

pH0 value of the titrand.
The pH-static titration curves plotted at different pH0 val-

ues and different concentrations of KCN are presented in
Figs. 6 and 7together with detailed description of the related
systems.

3.1.2.2. pH-static titration of cyanide with nickel salt.An-
other option of cyanide determination is the application
of nickel salt as the titrant; Ni+2 ions form with cyanide
ions a stable complex Ni(CN)4

−2 (logK4 = 31.1) accom-
panied by other soluble species Ni(CN)i

+2−i (i = 1, 2, 3;
logKi = 7.0, 14.0, 22.0). In order to avoid the precipita-
tion of Ni(CN)2 (pKso= 8.8 for Kso= [Ni+2][CN−1]2) or
Ni(OH)2 (pKso1= 14.7), a due excess of 5-sulphosalicylic
acid as the complexing and buffering (pk3 = 11.6) agent has
been introduced during the titrand (D) preparation. Then

F
(
o
(

b2+ + H2S = PbS + 2H+ (42)

elated to the systems considered in Section3.1.2.1 and
.1.2.3. Protons are consumed e.g. in the reaction

O−
3 + 6S2O2−

3 + 6H+ = I−1 + 3S4O2−
6 + 3H2O

here Na2S2O3 acts as a strong base[44,45].

.1.2. Examples of pH-static titration
To illustrate some possibilities of pH-static titration, t

ethods of cyanide determination and one multicompo
nalysis will be presented. The titration curves and the
epresenting pH changes during pH-static titration spec
elow were plotted on the basis of calculations made ac

ng to iteration procedure applied for simulated titrations
ented elsewhere[44–48].

.1.2.1. pH-static titration of cyanide, according to the m
fied Liebig–Deniges method.In pH-static modification o
he Liebig–Deniges method of cyanide titration with AgN3
olution,AgI (not metastableAgCN) is precipitated in clos
icinity of the equivalence point (φeq= 0.5). The point wher
he precipitation starts, depends on the pH0 value assumed fo
he titrand containing the cyanide and diethanolamine (D
ther silver precipitates are not formed in there. The resu
urve of pH-static titration of KCN + DEA + H2SO4 system
nd the error of cyanide analysis depend on the condi
ssumed in the analysis (Table 3). DEA (not NH3, as done in

he original version of the Liebig–Deniges method) ena
dditional errors resulting from the volatility of ammonia
ig. 6. The pH-static titration curves at indicated pH0 values; PT = AgNO3
0.01 mol l−1), AT = NaOH (0.01 mol l−1); AD =NaOH (0.1 mol l−1)
r H2SO4 (0.1 mol l−1); D =titrand (VD=50 ml) containing KCN
0.002 mol l−1), DEA (diethanolamine) (0.002 mol l−1), KI (0.002 mol l−1).
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Fig. 7. The pH-static titration curves at pH0 = 10.0,CP/CKCN = 5 and indi-
catedCKCN values; PT = AgNO3 (CP mol l−1), AT = NaOH (0.01 mol l−1),
AD = H2SO4 (0.1 mol l−1); D = titrand (VD=50 ml) containing KCN (CKCN

mol l−1), TEA (triethanolamine) (0.001 mol l−1), KI (0.02 mol l−1).

VD = 50 ml of D (NaCN (0.004 mol l−1) + 5-sulphosalicylic
acid (0.1 mol l−1)) (the latter as the buffer-forming substance)
was pre-adjusted to the desired pH value with 1 mol l−1

NaOH solution and titrated with 0.01 mol l−1 NiSO4 as PT
and 0.01 mol l−1 NaOH as AT. The resulting titration curves,
presented inFig. 8, are adaptable for location of the end point
in the determination of cyanide. The shape of the curves is
different from ones presented inFigs. 6 and 7and elsewhere
[38,39]. This method provides an alternative for the spec-
trophotometric method[49] where (unstable in alkaline me-
dia) murexide has been used as indicator.

3.1.2.3. Multicomponent analysis.The pH-static titration
can be adaptable for multicomponent analysis, as well. As an

F
u
(
s

Fig. 9. Plots of pH-static titration in the system specified in the text (Section
3.1.2.3).

example, let us consider 50 ml of titrand (D) containing CaCl2
(0.001 mol l−1) + H2S (0.003 mol l−1) + H3PO4 (0.003
mol l−1) + H2SO4 (0.003 mol l−1) + H2CO3 (0.003 mol l−1)
+ CH3COOH (0.002 mol l−1) + CH3COONa (0.001 mol l−1)
adjusted to pH0 = 2.50 with�VAD = 3.213 ml of 0.1 mol l−1

NaOH as AD. Then the D+AD system has been titrated al-
ternately with 0.03 mol l−1 Pb(NO3)2 as PT and 0.1 mol l−1

NaOH as AT. The pH-static titration curve presented in
Fig. 9 indicates three successive breaking points where
precipitation of (1)PbS (pKso1 =27.5), (2)PbSO4 (pKso2
=8.0) and (3)PbHPO4 (pKso3= 11.36) is terminated. The
solubility product forPbCO3 (pKso4 =13.14) has not been
crossed.

3.1.3. An effect of buffer capacity
As has been stated above, the buffer with moderate buffer

capacity is needed in pH-static titration. It enables to keep
moderate�pHj values affected by addition of�VPj ml of
PT. In order to specify this statement, we refer first to more
general, quantitative considerations.

Let �V be the volume corresponding to an elementary
change (resolution) in pH,�pH, indicated by digital pH me-
ter. Applying the notations as inFig. 10, one can formulate

(46).
ig. 8. The (‘bared’) pH-static titration curves at indicated pH0 val-
es; PT = NiSO4 (0.01 mol l−1), AT = NaOH (0.01mol l−1); AD = NaOH
1.0 mol l−1); D = titrand (VD=50 ml) containing NaCN (0.004 mol l−1), 5-
ulphosalicylic acid (0.1 mol l−1).
 Fig. 10. Presentation of symbols applied in derivation of the formula
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Fig. 11. The pH changes (�pHj ) in pH-static titrations for D + AD system
specified inFig. 6at pH0 = 9.50.

the relationships:

tgα = ∆VA1

∆VP1
= ∆VAj

∆VPj
= VAj

VPj
(43)

tgγj = ∆pHj

∆VAj
=

(
δpH

δV

)
j

(44)

Then we get, by turns,

�VAj = �VPj · VAj

VPj
(45)

δVji = δpHj · �VPj

�pHj
· tgαi (46)

The pH changes affected by addition of PT and AT into
the system presented in Sections2.1.2.1–2.1.2.3are plotted
in Figs. 11–13.

Referring toFig. 11, we have �VAj =�VA1 = 0.466 ml,
�pHj = 0.034÷ 0.064,tgα1 = 3.356/5.0 = 0.671 at pH0 = 9.5.
Then at�pH = 0.001, we get�Vj = 4.9–9.1�l. In other words,
�Vj �l of AT makes an elementary pH change,�pH = 0.001. In
this case, it suggests the AT titration with precision better than
(0.0091/0.466)·100% = 2%. It explains also the necessity to
u

F
s

Fig. 13. The pH changes (�pHj ) in pH-static titrations for D + AD system
specified in part 3.1.2.3 at pH0 =2.5.

3.2. The Ni method

3.2.1. Acid–base titration
Further example provides a titrimetric analysis of an

acid–base system represented byV0 ml of the a mix-
ture containing weak acids and its salts, denoted by
MkiHni−kiL(i) (ki = 0,. . .,ni; i = 1,. . .,P) with molar concen-
trations Ci mol l−1 and a strong monoprotic acid HB
(C0 mol l−1). After addition ofVml of Cmol l−1 KOH, from
the balances:

qi∑
l=0

[HlL
(i)] = CiV0

V0 + V
;

[M] =
qi∑
l=0

ki · C0iV0

V0 + V
; [B] = C0V0

V0 + V
;

[K] = CV

V0 + V

[H] − [OH] + [M] + [K] − [B] =
P∑
i=1

qi∑
l=0

(ni− l)[HlL
(i)]

and applying the identityni − ki −ni ≡ (qi − ni) − (qi +ki
−

V

w

θ

β

C

se buffers with moderate buffer capacity.

ig. 12. The pH changes (�pHj ) in pH-static titrations for D + AD system
pecified inFig. 8at indicated pH0 = 10.00.
ni), we get the function similar to one quoted by Ni[41]

= θ0 · C∗ +
P∑
i=1

θi · Ci + θP+1 (47)

here:

0 = V0

C + β

= h

f
−Kw · f

h

∗ = C0 −
P∑
i=1

(qi+ ki− ni) · Ci



1252 T. Michałowski et al. / Talanta 65 (2005) 1241–1253

θi = V0 · qi− n- i

C + β
(i = 1, . . . , P) (48)

θP+1 = −V0 · β

C + β

n̄i =
∑qi

l=1l[Hl
(i)]∑qi

l=0[HlL(i)]
=

∑qi

l=1lKil[H] i∑qi

l=1Kil[H] i

[HlL
(i)] = Kil[H] l[L (i)],Kw = [H][OH]

The mixture of acid–base systems can be ‘homogenised’.
It means that an acid–base system consisting the species
HlL(i) (l = 0,. . .,qi) of a polyprotic acid HniL(i) can be consid-
ered as a sum of monoprotic acids HL(i,k) (k= 1,. . .,qi) with
the same concentration (Ci ) and dissociation constants ex-
pressed by Simms constantsgik [31] involved in the relation

qi− n̄i =
qi∑
k=1

(
1 + h

gik

)−1

(49)

specified in Eq.(48). It means that all terms on the right
side of Eq.(49) are expressed as a function of pH =−log h.
Then denotingθ0j = θ0(pHj), θij = θi(pHj), θP + 1,j = θP+1(pHj)
for the points (V, pH ), (j = 1,. . .,N) of pH metric titration,
w
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w
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to apply some chemometric procedures based on matrix al-
gebra. Among others, the multivariate calibration methods:
classical least squares (CLS), principal component regression
(PCR) and partial least squares (PLS) methods were applied
for results obtained from titration of synthetic, 3–5 compo-
nent mixtures of acids titrated with standardised NaOH so-
lution.

3.2.2. Precipitation titration
Halide and thiocyanate ionsX(i) are often determined ac-

cording to potentiometric titration made with use of silver
indicator electrode. Referring to the case whereV0 ml of the
solution containingP different kinds of anionsX(i) with con-
centrationsCi mol l−1 (i = 1,. . .,P) is titrated withV ml of
C mol l−1 AgNO3, then assuming formation of complexes
AgX(i)

j (j = 1,. . ., ni) and neglecting the hydroxo-complexes
Ag(OH)k+1−k (i = 1,2,3), [Ag]� ∑

k= 1
3 [Ag(OH)k], we get

the concentration balances:

CV

V0 + V
= [Ag] +

P∑
i=1

ni∑
j=1

[AgX(i)
j ],

CiV0

V0 + V
= [X(i)] +

ni∑
j=1

j · [AgX(i)
j ]

a

y

V

w
y
1
t
i
s ion
( te
A is
o

4

s of
s tric
m

ep-
r ot
b -
t d,
s f the
j j

e get the relation

j = θ0 · C∗ +
P∑
i=1

θi · Ci + θP+1 + εj (50)

hereεj is considered as a random error atith point (Vj ,
Hj). When compared with the original approach don

40], where a mixture of acids withqi =ni has been con
idered (ki= 0), the Eq.(50) refers to a more generalis
ase. The strong acid (HB) introduced into the system titr
ith KOH enables all acid–base species to be determin

efers particularly to the titration of sulphate determine
ulticomponent solution with initial pH » 1.8 (pk2 = 1.8 for
SO4

−1). The presence of HB enables to involve the cas
titrand where the salts of Hni +kL(i)Bk type (e.g. NH4Cl) are
lso considered (k= 1,. . ., qi − ni).

The relationship (50) resembles the equation for the
nd Beer’s law, with nonzero intercept. Assuming that m

erent pHj values were chosen (j= 1,. . .,m), one can rewrit
t in the matrix form

= AC + ε (51)

hereV= [V1,. . .,VN]T ,C= [C* ,C1,. . .,Cp, 1]T ,ε = [ε1,. . .,

m]T is the vector of random errors andA = AN,p+ 2 = [aij ]
s the matrix withN rows andp+ 2 columns involving a
nternal complexity of acid–base systems. However, in
radistinction to the Beer’s formula, the nature of the c
lexity involved in aij terms can be easily explained. T
eer’s formula does not explain the complexity and shap
bsorption of UV–vis spectra. The form of Eq.(51) enables
nd then, by turns:

= V0

V0 + V
·

P∑
i=1

Ci − CV

V0 + V

=
P∑
i=0

κi · Ci (52)

here C0 ≡ 1, κi =V0/(C+y) for i = 1,. . .,P, κ0 =−�i ·y,
=

∑
i = 1

P [X (i) ] − [Ag] +
∑

i = 1
P ∑

j = 1
ni (j −

)Kij [Ag][X (i) ] j , Kij = [AgX(i)
j ][Ag] −1[X(i) ]−j . The po-

ential of silver indicator electrode,E=A+S log [Ag]
s related to concentration of [X(i) ] = Ksoi/[Ag] of the
pecies X(i) precipitated at defined stage of the titrat
Ksoi = [Ag][X (i) ] is the solubility product of the precipita
gX(i) ). As previously, the modified linear form (52)
btained[41].

. Final comments

The paper provides extended and modified version
ome linearisation approaches known hitherto in titrime
ethods of analysis.
First, the explicit derivation of the modified formulae (r

esented by Eqs.(26), (29)and(30)) is presented; it has n
een done in the earlier author’s paper[16]. The approxima

ion done on the basis of Eq.(20) is extensively discusse
eeTables 1 and 2. It has been proven that application o
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modified Gran I (not Gran II) method is a valuable and accu-
rate tool in all potentiometric titrations where E is registered.
Some sources of serious errors resulting from other, earlier
approaches (refs.[5,12]) are also indicated. A quadratic form
of some regression Eq.(34) involved with Gran I method is
also recalled[19]. A close relation of the Gran methods with
extrapolative standard addition procedures is also indicated,
see e.g.Fig. 4.

In further parts of the paper, a brief derivation of formulae
(39), (40) is done; it replaces an awkward approach done in
ref. [29]. Some further suggestions, based on application of
Simms constants (that enable to consider a q-protic acid as a
sum of q monoprotic acids) are also done.

The pH-static titration as a particular case of indicative
methods has been extended by us on other areas of titrimet-
ric analyses, related to electrolytic systems of any degree of
complexity. In this paper, two titrimetric methods of cyanide
analysis, one based on the modified Liebig–Deniges method
and one with nickel salt applied, were proposed. The latter
method is an alternative to the spectrophotometric method
proposed lately[49]. What is more, the pH-static titration
has been extended on multicomponent analyses, represented
by the system described in Section3.1.2.3and illustrated
by Fig. 9; nb. earlier papers concerned only one-component
analyses. A role of a buffer capacity in conjunction with com-
p ered
(

to the
N arily
t nded
o tion
o e’ the
d ed.

tion
c op-
u thods
a and
c g
t with
b int,
a -
c city.
T y the
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A more generalised approach has been also applied
i method suggested recently. The method applied prim

o the systems of polyprotic acids only has been exte
n the systems with salts involved. Moreover, applica
f Simms constants suggested enables to ‘homogenis
escription (formulation) of acid-base systems consider

The Gran methods, implying a linearisation of the titra
urve and its graphical or numerical evaluation, are still p
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